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The brane-world scenario provides an intriguing possibility to explore the phenomenological cos-
mology implied by string/M theory. In this paper, we consider a modified Randall-Sundrum single
brane model with two natural generalizations: a Gauss-Bonnet term in the five-dimensional bulk
action as well as an induced gravity term in the four-dimensional brane action, which are the leading-
order corrections to the Randall-Sundrum model. We study the influence of these combined effects
on the evolution of the primordial gravitational waves generated during an extreme slow-roll infla-
tion on the brane. The background, for the early inflationary era, is then modeled through a de
Sitter brane embedded within an anti–de Sitter bulk. In this framework, we show that both effects
tend to suppress the Randall-Sundrum enhancement of the amplitude of the tensor perturbations
at relatively high energies. Moreover, the Gauss-Bonnet effect, relative to standard general rela-
tivity, will abruptly enhance the tensor-to-scalar ratio and break the standard consistency relation
at high energies, which cannot be evaded by invoking the induced gravity effect, even though the
induced gravity strength would mildly counterbalance these significant changes at high energies. We
note that the brane-world model with or without the induced gravity effect fulfills the consistency
relation. Finally, we discuss some implications of the observational constraints.
I. INTRODUCTION
Several brane-world scenarios, inspired by super-
string/M theory, have been proposed to resolve various
puzzles in particle physics and cosmology, in which our
observable four-dimensional (4D) universe may be a hy-
persurface embedded within a higher-dimensional space-
time, usually named a bulk. In this scenario, the Stan-
dard Model particles are restricted to the brane, while the
gravitons are free to propagate into the whole space (see,
for example, the review [1]). Among these, the Randall-
Sundrum single brane model (RS2 model) [2] provides a
new perspective on the brane-world phenomenology with
a noncompact extra dimension, where a single 3-brane
is embedded in a five-dimensional (5D) anti–de Sitter
(AdS5) bulk. Despite the infinite extra dimension with a
continuum of Kaluza-Klein (KK) modes, the 5D graviton
zero mode, at sufficiently low energies, is localized on the
brane and standard general relativity (GR) is precisely
recovered, due to the warped bulk geometry.
In the setup of the RS2 brane-world model, there are
two natural generalizations of the gravitational action.
The first modification, based on the nature of higher di-
mensions, is a Gauss-Bonnet (GB) term in the 5D bulk
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action, leading to the most general second-order deriva-
tive field equation of the bulk metric [3]. Moreover, mo-
tivated by string/M theory in the low-energy limit, this
GB correction corresponds to the leading-order correc-
tion in the effective action of heterotic string theory and
is free of ghosts [4, 5]. Furthermore, the GB term is also
essential in the Chern-Simons gauge theory of gravity in
odd dimensions [6–8]. In addition, quantum corrections
generated via quantum loops of matter fields on the brane
coupled to the bulk gravitons will induce a second modi-
fication to the RS2 model, the leading correction of which
is described through an induced gravity (IG) term, i.e.,
a 4D Ricci scalar, in the brane action [9–14].
Since both effects are the leading corrections to the
RS2 brane-world model, we investigate here a general-
ized RS2 model taking into account both the GB and IG
curvature effects. In particular, we will look into the early
inflationary scenario and study the evolution of the grav-
itational waves generated during an extreme slow-roll in-
flation on the brane. In this framework, the background
of this scenario is modeled approximately by a de Sitter
brane embedded in an AdS5 bulk, on which the primor-
dial gravitational waves will be affected in particular by
GB and IG corrections. Cosmological perturbations in a
quasi–de Sitter inflation have been previously studied in
the RS2 model [15, 16], and in the generalized RS2 model
with just the GB effect [17] or IG effect alone [18]. In ad-
dition, the scalar perturbations in the generalized RS2
model with both the GB and the IG curvature effects
have recently been investigated as well in Ref. [19].
Taking both GB and IG curvature effects into consider-
2ation, we compare their effects on the behavior of the pri-
mordial gravitational waves with those generated in the
pure RS2 model. The mass spectrum of KK modes de-
rived in this scenario for the normal branch [see Eq.(2.13)
for ǫ = −1] is exactly the same as that in the RS2 model.
In addition, we show that both GB and IG corrections
tend to decrease the RS2 enhancement of the amplitude
of the tensor perturbations; in fact, the amplitude will be
strongly suppressed by the GB effect at relatively high
energies. A similar behavior has been obtained for the
scalar perturbations in the same system [19]. Further-
more, the GB effect, as compared with the standard
4D general relativity results, will drastically raise the
tensor-to-scalar ratio in the relatively high-energy regime
and moderately break the standard consistency relation,
which cannot be avoided by incorporating the IG effect.
We note that the RS2 model with or without the IG ef-
fect fulfills the consistency relation. However, these sig-
nificant changes caused by the GB effect, will be only
mildly counterbalanced by the IG effect at high energies.
Finally, we will discuss some implications of the observa-
tional constraints on the primordial gravitational waves
in this model.
The outline of this paper is the following. In Sec. II, we
consider a generalized RS2 model with GB and IG cur-
vature effects, and we review the background solutions
of this system. In Sec. III, we calculate the bulk metric
perturbations, where we focus on the three-dimensional
(3D) tensor modes on a de Sitter brane embedded within
an AdS5 bulk. In Sec. IV, we analyze the spectrum of KK
modes. In Sec. V, we study the effects from both GB and
IG curvature terms on the amplitude of the primordial
gravitational waves, and we discuss the tensor-to-scalar
ratio in this scenario. In addition, we discuss the obser-
vational constraints on this model. Finally, we present
our conclusion in Sec. VI and include an appendix where
we describe the 4D effective action used to obtain the
amplitude of the gravitational waves in this model.
II. THE MODEL
We consider a 5D brane-world model with a single
brane embedded in a 5D bulk. The bulk action con-
tains a GB term in addition to the usual Hilbert-Einstein
term, while the brane action is described by an IG term,
a brane tension, and a matter Lagrangian. The gravita-
tional action for this system is given by
S =
1
2κ25
∫
M
d5x
√
− (5)g [R− 2Λ5 + α (R2 − 4RabRab+
RabcdRabcd
)]− 1
κ25
∫
Σ±
d4x
√−g [K + 2α (J−
2GµνKµν)] +
∫
Σ
d4x
√−g
[
γ
2κ24
R− λ+ Lm
]
,
(2.1)
where the 5D manifold is split into two parts by a brane
hypersurface Σ, and the two sides of the brane are de-
noted by Σ±; gab =
(5)gab − nanb is the induced metric
on the brane, in which na is the unit normal vector to the
brane; the Latin indices a, b, c, . . . , run from 0 to 4, while
the Greek indices µ, ν, . . . , run from 0 to 3; R is the 5D
Ricci scalar, and R in the brane action is the Ricci scalar
of the induced metric; κ25 is the bulk gravitational con-
stant; Λ5 (< 0) is the bulk cosmological constant; and λ
is the brane tension. The GB parameter α (≥ 0) has the
dimension of length square; while the strength of the IG
term is characterized by a dimensionless parameter γ. In
addition, the second term in Eq.(2.1) corresponds to the
generalized York-Gibbons-Hawking surface term [20–23],
where Kµν is the extrinsic curvature, Gµν the Einstein
tensor of the induced metric, and J the trace of
Jµν =
1
3
(2KKµσK
σ
ν +KρσK
ρσKµν − 2KµρKρσKσν
−K2Kµν
)
. (2.2)
Then the 5D field equation is obtained by varying the
bulk action in Eq.(2.1),
Gab + Λ5 (5)gab − α
2
Hab = 0, (2.3)
where Gab is the 5D Einstein tensor and the quadratic
curvature correction Hab reads
Hab =
(R2 − 4RcdRcd +RcdefRcdef) (5)gab
− 4 (RRab − 2RacRb c − 2RacbdRcd
+RacdeRb cde
)
. (2.4)
Under the assumption of Z2 symmetry across the
brane, the junction condition, relating the discontinuity
of the geometry at the brane to its matter content, is
given by [23–26],
2 (Kµν −Kgµν) + 4α (3Jµν − Jgµν + 2PµρσνKρσ)
= −κ25
(
Tµν − λgµν − γ
κ24
Gµν
)
, (2.5)
where Tµν is the energy-momentum tensor of the matter
content on the brane, and
Pµνρσ = Rµνρσ + 2Rν[ρgσ]µ − 2Rµ[ρgσ]ν +Rgµ[ρgσ]ν .
(2.6)
Since we are mainly interested in the extreme slow-roll
inflationary scenario, we study a de Sitter brane embed-
ded in an AdS5 bulk. This solution fully describes the
extreme slow-roll regime of the brane where the kinetic
energy density of the inflaton confined on the brane can
be neglected as compared with the inflaton potential. For
an AdS5 bulk, the 5D curvature tensors satisfy
Rabcd =− µ2
[
(5)gac
(5)gbd − (5)gad (5)gbc
]
, (2.7)
Hab =24µ4 (5)gab , (2.8)
3where µ is the energy scale associated with the AdS5
length ℓ ≡ 1/µ. Moreover, the relation (2.3) implies
Λ5 = −6µ2 + 12αµ4; therefore, the energy scale µ has
the solutions
µ2 =
1
4α
[
1±
√
1 +
4
3
αΛ5
]
. (2.9)
However, from now on we disregard the + branch on
the previous equation as it is unstable [27–30]. On the
other hand, Eq.(2.9) with the − sign is interesting be-
cause it reduces to the RS2 relation, i.e., µ2 = −Λ5/6,
in the absence of a GB correction α → 0. This feature
is important as we want to compare our results with the
RS2 setup. The energy scale µ2 is therefore bounded as1
0 < µ2 < 1/4α.
The background metric can be given in terms of the
Gaussian normal coordinate,
ds2 = n2(y)
[−dt2 + e2Htd~x2] + dy2. (2.10)
The brane is located at y = 0, and the warp factor n(y)
is given by
n(y) =
H
µ
sinh [µ (y∗ + ǫ|y|)], (2.11)
with
y∗ =
1
µ
arcsinh
( µ
H
)
, (2.12)
where Z2 symmetry has been imposed, and the normal-
ization of the warp factor is chosen such that n(0) = 1.
This metric form is then a solution of the field equation
(2.3) as well as the junction condition (2.5) with a con-
stant energy density ρ (> 0) in Tµν and a constant Hubble
parameter H .
Different signs ǫ = ±1 in the warp factor (2.11) are
related to the different effective Friedmann equations on
the brane derived through the junction condition (2.5),[
1 +
8
3
α
(
H2 − µ
2
2
)]√
H2 + µ2
= −ǫ rc
[
κ24
3
(ρ+ λ)− γH2
]
, (2.13)
where the crossover scale rc is defined by rc ≡ κ25/2κ24,
and the energy density ρ is taken to be a constant during
the quasi–de Sitter inflationary era. In general, there are
three evolutionary solutions encoded in the cubic Fried-
mann equation (2.13), whose exact solutions have been
1 Notice that we have excluded the limiting case where µ2 = 1/4α
corresponding to the Chern-Simons gravity, because in that case
a homogenous and isotropic brane cannot be embedded in the
bulk [24]. Besides, we assume a nonvanishing bulk cosmological
constant Λ5.
analyzed in a different context in Refs. [31–36] (see also2
Ref. [19]). In particular, the “self-accelerating branch”
[ǫ = +1 in Eq.(2.13)] contains the Dvali-Gabadadze-
Porrati (DGP) self-accelerating solution modified by the
GB effect [11–14], while the “normal branch” [ǫ = −1 in
Eq.(2.13)] recovers standard GR in the low energy limit
and reduces to the RS2 model when both GB and IG
effects vanish.
The warp factor n(y), in the self-accelerating branch
(ǫ = +1), has its minimum at the brane, and the ex-
tradimensional coordinate y could be any real number:
0 ≤ |y|. Conversely, in the normal branch (ǫ = −1) the
maximum warp factor is reached at the brane, which is
similar to the RS2 model. Besides, the coordinate y is
bounded as |y| < y∗, where n(y∗) = 0 corresponds to the
location of the Cauchy horizon.
Before analyzing the tensor perturbations, we intro-
duce the conformal bulk coordinate z for later conve-
nience: dz = dy/n(y). The bulk metric becomes
ds2 = n˜2(z)
[−dt2 + dz2 + e2Htd~x2] , (2.14)
where the conformal bulk coordinate z can be written as
a function of y,
z = −sgn(y) ǫ
H
ln coth
[
1
2
µ(y∗ + ǫ|y|)
]
, (2.15)
and the warp factor n˜(z) is obtained as
n˜(z) =
H
µ sinhH |z| . (2.16)
In terms of the conformal bulk coordinate, z, the bulk
space-time in the self-accelerating branch is bounded:
0 < |z| ≤ zb, where zb is defined by
zb ≡ |z(0)| = 1
H
ln coth
(µy∗
2
)
. (2.17)
Moreover, when approaching the location of the brane as
y → 0+, the conformal bulk coordinate z → −zb. On
the other hand, the normal branch is mapped into a dif-
ferent extradimensional region zb ≤ |z|, and the Cauchy
horizons are therefore located at infinity. In addition, as
y → 0+, the coordinate z → zb [see Eq.(2.15)].
III. BULK METRIC PERTURBATIONS
Here we will consider the tensor perturbations and fo-
cus on the 3D tensor modes over a de Sitter brane in an
AdS5 bulk. The perturbed metric can be written in the
form
ds2 = n2(y)
[−dt2 + e2Ht (δij + hij) dxidxj]+ dy2,
(3.1)
2 We leave the induced gravity parameter γ arbitrary, and we do
not set to unity as was done in Refs. [31, 32].
4where the 3D tensor hij(t, ~x, y) is transverse and trace-
less, and the brane is still located at y = 0. With this
perturbed metric, we obtain the perturbed curvature cor-
rection δHi j = 8µ2δGi j ; thus the perturbed bulk field
equation is
(1− β) δGi j = 0⇒ δGi j = 0, (3.2)
where β is a dimensionless parameter defined as β ≡
4αµ2. The resulting field equation (3.2) implies that the
bulk solutions are the same as in the RS2 model [16, 37].
Although the bulk equation of motion (3.2) is unchanged
compared with the RS2 case at the brane, both GB and
IG effects will change the perturbed junction condition,
which will further modify the normalization of the modes
as shown below [see Eq.(3.9)].
The perturbed junction condition, obtained by using
Eqs.(2.5) and (3.1), gives
δKi j |0+ =
1
1− β
[
γrc − ǫ βµ−1
√
1 + x2
]
δGi j |0+ ,
(3.3)
where the dimensionless parameter x is defined as x ≡
H/µ, and where we have neglected the anisotropic stress
of the matter on the brane. This is a natural assumption
as the brane expansion is simply driven by an inflaton
and the brane tension λ. We will later impose a fine-
tuning of λ on the normal branch a` la the RS2 model
to see the effects of GB and IG curvature terms on that
model. In the limit when β → 0 and γ → 0, the boundary
condition (3.3) recovers the case in the RS2 model [16].
Combining the perturbed bulk equation (3.2) and the
junction condition (3.3), we obtain the full perturbed
field equation of this system, which reads[
∂2t + 3H∂t − e−2Ht∇2 −
(
n2∂2y + 4nn
′∂y
)]
hij
= − 2
1− β
[
γrc − ǫ βµ−1
√
1 + x2
]
× (∂2t + 3H∂t − e−2Ht∇2)hij δ (y) , (3.4)
where the prime denotes a derivative with respect to y.
This field equation (3.4) can then be separated into an
eigensystem problem by decomposing 3D tensor pertur-
bations hij into KK modes,
hij(t, ~x, y) =
∫
dmh
(m)
ij (t, ~x) Em(y), (3.5)
where, as usual, “
∫
” stands for a summation over the
discrete modes and an integration over the continuous
modes, and h
(m)
ij and Em satisfy
[
∂2t + 3H∂t − e−2Ht∇2 +m2
]
h
(m)
ij = 0, (3.6)(
n4E ′m
)′
+m2n2Em + 2m
2
1− β×[
γrc − ǫ βµ−1
√
1 + x2
]
Em δ(y) = 0. (3.7)
In addition, the boundary condition for Em at the brane
can be derived directly from Eq.(3.3), which is included
in Eq.(3.7) as well,
E ′m
(
0+
)
= − m
2
1− β
[
γrc − ǫ βµ−1
√
1 + x2
]
Em
(
0+
)
.
(3.8)
As a result, GB and IG effects give rise to a mass de-
pendence on the boundary condition for Em, and only
the massless mode, with m = 0, has the same boundary
condition as in the RS2 model [16].
Furthermore, it can be shown that using Eq.(3.7),
these eigenmodes Em are orthonormal with respect to
the following scalar product:
(Em, Em˜) = (1− β)
∫ uǫ
−uǫ
dyn2EmEm˜
+ 2
[
γrc − ǫ βµ−1
√
1 + x2
]
Em(0)Em˜(0)
= δ (m, m˜) , (3.9)
where u+ =∞ and u− = y∗. The delta function δ (m, m˜)
is a Kronecker delta for discrete modes and a Dirac delta
function for a continuous spectrum. Besides, with the
scalar product chosen in Eq.(3.9), the 4D effective action
for the metric perturbations is given by [17]
S
(2)
eff =
1
8κ25
∫
dm E−2m (0)
∫
dx4e3Ht
[
˙¯h(m)ij ˙¯h
(m)
ij
−e−2Ht∂kh¯(m)ij ∂kh¯(m)ij −m2h¯(m)ij h¯(m)ij
]
,
(3.10)
where the dot denotes a derivative with respect to time
t, and the tensor modes h¯
(m)
ij are defined as h¯
(m)
ij =
h
(m)
ij Em(0), corresponding to the physical 4D KK gravi-
tons viewed on the brane (see Appendix A for more de-
tails on this 4D effective action).
We highlight that even though the junction condition,
Eq.(3.8), is the same as that in the RS2 model for the
massless mode, the normalization condition, Eq.(3.9), is
different, which will affect the power spectrum of the
gravitational waves on the brane as we will show in the
next sections.
IV. KALUZA-KLEIN MODES
To analyze the 3D KK modes on a de Sitter brane
embedded in an AdS5 bulk, it is more convenient to
rewrite Eq.(3.7) in terms of the conformal bulk coordi-
nate z. Here, we follow closely the methodology used
in Refs. [17, 18]. We start by defining a new field:
ψm(z) = n˜
3/2Em(z). Then, in terms of this new field
ψm(z), the field equation (3.7) can be rewritten as
−D(+)
[
q(z)D(−)ψm(z)
]
= m2w(z)ψm(z), (4.1)
5where the derivative operators D(±) are defined as
D(±) ≡
d
dz
± 3
2
1
n˜
dn˜
dz
, (4.2)
and the functions q(z) and w(z) are given by
q(z) = (1− β) {θ [ǫ(zb − z)]− ǫθ(−z − zb)} , (4.3)
w(z) =q(z) + 2
[
γrc − ǫ βµ−1
√
1 + x2
]
δ (z + ǫzb) ,
(4.4)
where θ is the Heaviside step function. The boundary
(junction) condition has been incorporated in Eq.(4.1)
through the functions q(z) and w(z). Notice that the
right side of the bulk, i.e., with y ≥ 0 in the Gaus-
sian coordinate, corresponds to −zb ≤ z < 0 in the self-
accelerating branch (ǫ = +1) and zb ≤ z in the normal
branch (ǫ = −1) [cf. Eq.(2.15)], respectively.
For |z| 6= zb, after substituting the warp factor (2.16)
in the field equation (4.1), we obtain a Schro¨dinger-like
wave equation for ψm,
−D(+)D(−)ψm =
[
− d
2
dz2
+ V¯ (z)
]
ψm = m
2ψm, (4.5)
where the potential V¯ (z) is
V¯ (z) =
15
4
H2
sinh2Hz
+
9
4
H2, (4.6)
and the boundary condition for ψm at the brane, i.e.,
y → 0+, in the conformal bulk coordinate reads
D(−)ψm(−ǫzb) = −
m2
1− β
[
γrc − ǫ βµ−1
√
1 + x2
]
ψm(−ǫzb).
(4.7)
In addition, the scalar product of eigenmodes defined in
Eq.(3.9) could be expressed in terms of ψm and the con-
formal bulk coordinate as
(ψm, ψm˜) =
∫
bulk
dzw ψmψm˜
=2 (1− β)
∫ vǫ
−ǫzb
dzψmψm˜
+ 2
[
γrc − ǫ βµ−1
√
1 + x2
]
ψm(−ǫzb)ψm˜(−ǫzb)
=δ (m, m˜) , (4.8)
where v+ = 0 and v− =∞.
We now start to investigate the zero-mode (massless
mode) ψ0 which, as mentioned in Sec. III, has the same
boundary condition as the one in the RS2 case but not the
same normalization. From Eq.(3.7), a constant solution
is found for E0 in both branches: E0 = Cǫ, due to the
boundary condition imposed at the brane. Therefore,
the zero-mode ψ0 reads
ψ0(z) = Cǫ n˜
3/2(z). (4.9)
The constant Cǫ will be determined by the normaliza-
tion condition in Eq.(4.8): (ψ0, ψ0) = 1. On the self-
accelerating branch, the zero mode is not normalizable
since ψ0 → ∞ as z → 0, leading to a divergent integra-
tion in Eq.(4.8). Thus, the zero mode is not physically
allowed in the self-accelerating branch. Conversely, a nor-
malizable zero-mode exists on the normal branch, where
we further impose the RS fine-tuning condition [17, 19]
κ25λ = 2µ(3− β), (4.10)
such that the effective cosmological constant on the brane
is zero, and most importantly we recover the RS2 model
when switching off the GB and IG effects. This will al-
low us later to compare our results with those of the RS2
model. Moreover, from the modified Friedmann equa-
tion at the low energy limit (as ρ → 0), we recover the
standard 4D relativistic behavior, with an effective 4D
gravitational constant related to the 5D one as follows
[19]:
κ24 =
(
1− γ
1 + β
)
µκ25, (4.11)
which implies that the IG strength γ is bounded: 0 ≤ γ <
1. Making use of the relation (4.11), we can reexpress the
boundary condition (4.7) in the normal branch (ǫ = −1)
as follows:
D(−)ψm(zb) =−
m2
µ
[
γ
2(1− γ)
(
1 + β
1− β
)
+(
β
1− β
)√
1 + x2
]
ψm(zb), (4.12)
which is consistent with the results in the RS2 model
modified by only a GB correction (γ → 0) [17] and an IG
effect alone (α → 0) [18]. After taking into account the
conditions (4.10) and (4.11), the scalar product (4.8) fixs
the normalization constant C− for the massless mode as
C−2− =
(1 + β)
µ
[√
1 + x2 −
(
1− β
1 + β
)
x2arcsinh
1
x
+
(
γ
1− γ
)]
, (4.13)
which recovers the RS2 result as α → 0 and γ → 0 [16],
and reduces to the RS2 model modified by either just a
GB bulk correction (when γ → 0) [17] or an IG brane
effect alone (when α → 0) [18]. From now on, we will
focus on KK gravitons within the normal branch.
For a de Sitter brane in the normal branch, the po-
tential (4.6) is a constant at infinity (|z| → ∞), i.e.,
V¯ (z → ±∞) ≃ 9/4H2, which results in a threshold
between the continuous and the discrete spectrum of
the KK modes. For the heavy modes, with mass scale
m2 > 9/4H2, the asymptotic solutions of the wave equa-
tion (4.5) is an oscillating function as |z| → ∞. There-
fore, these heavy modes correspond to the continuous
spectrum and are normalizable as plane waves. On the
6other hand, the asymptotic solutions for the light modes,
with m2 < 9/4H2, contain in general exponentially
growing and decaying modes at infinity, in which only
the asymptotic decreasing modes, picked by the junction
condition, are normalizable. As we discussed earlier, the
zero-mode ψ0 in the normal branch is a normalizable so-
lution, but we still need to check whether there exist
normalizable light modes other than the zero mode.
To examine the existence of normalizable light modes
besides the zero-mode ψ0, it is convenient to introduce
new modes defined by [17, 18]
Ψm(z) = D(−)ψm(z), (4.14)
which are the partners of the modes ψm in supersym-
metric quantum mechanics [38]. They have the same
spectrum except for the zero-mode Ψ0. Indeed, Ψ0 = 0,
which can be verified using Eqs.(4.2) and (4.9). When
|z| 6= zb, the wave equation for Ψm is obtained by apply-
ing the derivative operator D(−) on Eq.(4.5):
−D(−)D(+)Ψm =
[
− d
2
dz2
+
3
4
H2
sinh2Hz
+
9
4
H2
]
Ψm
=m2Ψm. (4.15)
Supposing that β 6= 0 and γ 6= 0, the asymptotic bound-
ary behavior for Ψm near the brane (z → zb) is then
derived from Eqs.(4.5) and (4.12),
dΨm
dz
(z+b ) =
{
3
2
√
H2 + µ2 + µ
[
γ
2(1− γ)
(
1 + β
1− β
)
+
(
β
1− β
)√
1 + x2
]−1}
Ψm(z
+
b ), (4.16)
where the conditions (4.10) and (4.11) have already been
taken into account. Specifically, the boundary condi-
tion for β = 0 and γ = 0 is given by Ψm(zb) = 0 [see
Eq.(4.12)]. The advantage is that, unlike the bound-
ary condition for ψm (4.12), this boundary condition
no longer involves the mass dependence of each mode.
By operating the integral
∫∞
z+
b
dzΨm× on both sides of
Eq.(4.15), we obtain the following relation:(
m2 − 9
4
H2
)∫ ∞
z+
b
dzΨ2m =
3
4
H2
∫ ∞
z+
b
dz
Ψ2m
sinh2Hz
+
∫ ∞
z+
b
dz (∂zΨm)
2 − Ψm∂zΨm|∞z+
b
. (4.17)
If we expect that the light modes ψm with m
2 < 9/4H2
decrease exponentially at infinity, its partners Ψm should
have the same behavior. Therefore, under this consider-
ation, only the last term evaluated at the lower bound
contributes. Moreover, since the GB and IG parameters
are bounded as 0 ≤ β < 1 and 0 ≤ γ < 1, the last term
at z = z+b takes a non-negative value as can be seen from
Eq.(4.16) and vanishes when β = 0 and γ = 0. As a
result, the right-hand side of Eq.(4.17) is always posi-
tive except for the zero mode, but the left-hand side is
negative for the light modes within 0 < m2 < 9/4H2
instead. This contradiction leads to the conclusion that
the normalizable zero mode withm2 < 9/4H2 is the only
physically admissible light mode.
Consequently, the KK spectrum of the 3D tensor per-
turbations hij on the normal branch consists of a mass-
less zero mode and a continuum of heavy modes with
m2 > 9/4H2, which is exactly the same as those in the
RS2 model [16] and also for the normal branch with an
IG term on the brane [18]. In addition, because of the de
Sitter symmetry of the background, the general massive
4D spin-2 gravitons have the same spectrum as that of
the 3D tensor modes. Therefore, the spectrum on the
normal branch in de Sitter space-time is void of massive
ghost states with 0 < m2 < 2H2 [39].
V. PRIMORDIAL GRAVITATIONAL WAVES
Here we consider the extreme slow-roll inflation driven
by a single inflaton field φ confined on the brane and
study the lowest order primordial fluctuations quantum-
mechanically generated during inflation.
The scalar perturbations in this framework have been
studied in Ref. [19]. The amplitude of the scalar pertur-
bations A2S is given by [15, 40, 41]
A2S =
9
25π2
H6
V 2φ
, (5.1)
where φ is the inflaton field and V (φ) is its potential, and
we use a subscript φ to denote a derivative with respect
to φ. To compare with the standard 4D general relativity
result for a given potential V , we can express Eq.(5.1) as
A2S =
κ64
75π2
(
V 3
V 2φ
)
G2α,γ(x) = [A
2
S ]4DG
2
α,γ(x), (5.2)
where [A2S ]4D is the standard 4D result. The function
G2α,γ(x) is the correction to the standard 4D result, and
its explicit form is given in Ref. [19].
In this section, we will analyze the primordial gravi-
tational waves generated in a quasi–de Sitter inflation,
where we focus on the 3D tensor modes as discussed in
the previous sections.
A. Tensor perturbations on the brane
Having the KK spectrum analyzed on a de Sitter brane
embedded in an AdS5 bulk and described by the action
(2.1), we can now calculate the amplitude of the tensorial
perturbations generated during an extreme slow-roll in-
flationary era on the normal branch. From a 4D brane’s
point of view, we simply treat each KK normalizable
mode ψm as a quantum field living on a 4D hypersur-
face (for a 5D viewpoint see, for example, Refs. [42–44]).
70.1 1 10 100 1000 104
0
1
2
3
4
5
6
7
x
F
Α,Γ
2
Β=10-1
Β=10-2
Β=10-3
Β=0
(a)
0.1 1 10 100 1000 104
0
2
4
6
8
10
12
14
x
F
Α,Γ
2
Γ=0
Γ=0.2
Γ=0.4
Γ=0.6
(b)
FIG. 1. The correction to the standard 4D amplitude of the tensor perturbations F 2α,γ against the dimensionless energy scale
of inflation x ≡ H/µ. The dashed-gray line in both plots corresponds to the RS2 model. In (a), we fix the IG strength as
γ = 0.2 and change the GB coupling β ≡ 4αµ2 as shown on the plot; in (b), we fix the GB coupling as β = 10−3 instead, and
vary the IG strength γ.
When stretched to superhorizon scales during the infla-
tion era, the heavy modes, withm2 > 9/4H2, continue to
oscillate, but their amplitudes are rapidly and strongly
suppressed on large scales and remain in their vacuum
state, whose contributions can be neglected later on [16–
18]. By contrast, the zero-mode ψ0 becomes overdamped
and approaches a constant on superhorizon scales, which
turn into classical perturbations beyond the Hubble ra-
dius [16–18].
The second-order effective 4D action for tensor per-
turbations is given in Eq.(3.10). For the massless zero
mode, the effective 4D action (3.10) with m = 0 is sim-
ilar to that for the gravitons in standard 4D general
relativity [40] up to a renormalization factor: h¯
(0)
ij =
C−(κ5/κ4)h
(4D)
ij , where h
(4D)
ij is the standard 4D gravi-
tons, and it will therefore rescale the amplitude of the
corresponding tensor perturbations in the standard form.
With this on hand, the normalized amplitude of the
tensor perturbations A2T , following the notation used in
Ref. [40], is then given by
A2T =
2κ24
25
(
H
2π
)2
F 2α,γ = [A
2
T ]4DF
2
α,γ , (5.3)
where [A2T ]4D is the standard form of 4D GR, and F
2
α,γ
is the correction to this standard form,
F 2α,γ = C
2
−
(
κ5
κ4
)2
. (5.4)
Substituting the relation (4.11) and the normalized con-
stant (4.13) into the correction factor given in Eq. (5.4),
we can rewrite it as a function of x with the GB and the
IG couplings,
F−2α,γ(x) = γ+(1−γ)
[√
1 + x2 −
(
1− β
1 + β
)
x2arcsinh
1
x
]
.
(5.5)
This result reduces to the RS2 case [16] when α → 0
and γ → 0; moreover, it is consistent with the result
in a modified RS2 model by a GB correction [17] or an
IG correction [18]. The behavior of the correction factor
F 2α,γ(x) is qualitatively the same as the one for the scalar
perturbations in the same system [19].
In the relatively low energy regime as compared with
the AdS5 energy scale, i.e., when H ≪ µ or x → 0, the
correction fulfills F 2α,γ(x) ≈ 1, recovering therefore the
standard 4D result; while at relatively high energy as
H ≫ µ or x≫ 1, for β 6= 0 and γ 6= 0 we obtain
F 2α,γ(x) ≈
1 + β
2β(1− γ)
1
x
. (5.6)
Consequently, the amplitude of the tensor perturbations
will be suppressed by the GB effect when inflation takes
place at relatively high energies, i.e., as H ≫ µ. The
behaviors of the correction (5.5) with respect to the di-
mensionless energy scale x, for different GB and IG cou-
plings, are shown in Fig. 1. The dashed-gray line in Fig. 1
corresponds to the RS2 model, which is a monotonically
increasing function [16]. However, unlike the RS2 model,
both GB and IG effects tend to suppress the RS2 en-
hancement. Furthermore, the larger the GB and IG ef-
fects, the stronger the suppression becomes. In the inter-
mediate energy regime, the correction F 2α,γ(x) with β 6= 0
will be enhanced up to a maximum value as the dimen-
sionless energy scale x increases, and then will be sup-
pressed by the GB effect at higher energies (see Fig. 1),
independently of the IG strength. The maximum value
of the correction F 2α,γ is given by
(F 2α,γ)m =
[
γ + (1 − γ) 1 + β(1 + x
2
m)
(1 + β)
√
1 + x2m
]−1
, (5.7)
where the critical energy scale xm is determined by the
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FIG. 2. The correction to the standard 4D tensor-to-scalar ratio Rα,γ against the dimensionless energy scale of inflation
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following relation for a given value of β:√
1 + x2m arcsinh
1
xm
=
1
1− β . (5.8)
The above relation (5.8) gives a one-to-one correspon-
dence between the critical energy scale xm and the GB
coupling β. Moreover, it can be shown that the crit-
ical energy scale xm will decrease as the GB coupling
β increases [cf. Eq.(5.8) and Fig. 1]. In addition, the
physically allowed region for a nonvanishing GB cou-
pling, 0 < β < 1, covers the region 0 < xm for the
critical energy scale. Therefore, as the GB coupling
β increases, the maximum correction (F 2α,γ)m given in
Eq.(5.7) decreases, and furthermore, it can be shown
that the maximum correction (F 2α,γ)m is bounded as
1 < (F 2α,γ)m < 1/[γ + β(1 − γ)]. The limiting maximum
value of the previous inequality is chosen to clearly im-
ply that the maximum correction (F 2α,γ)m is always finite
unless both GB parameter β and IG strength γ vanish si-
multaneously, which is the RS2 case. A similar behavior
has been found for the amplitude of the scalar pertur-
bations [19]. The amplitude in the modified RS2 model
with only the GB effect has qualitatively similar behavior
but without the IG suppression on the maximum correc-
tion (F 2α,γ)m [17]; while in the RS2 model modified by
just the IG effect, the RS2 enhancement at high energies
is bounded and approaches the constant value 1/γ [18].
B. The tensor-to-scalar ratio
During a quasi–de Sitter brane inflation with the GB
and IG modifications, as compared with the standard 4D
case, the amplitudes of both scalar and tensor perturba-
tions are enhanced at intermediate energy scales. Con-
versely, as the inflationary energy scale gets very high,
the amplitudes will be highly suppressed by the GB ef-
fect (see Fig. 1 and Ref. [19]). At such high energies as
x ≫ 1, the correction to the standard amplitude of the
scalar perturbations G2α,γ(x) (with β 6= 0 and γ 6= 0) is
given by [19]
G2α,γ(x) ≈
27
64
[
1 + β
2β(1− γ)
]3
1
x3
. (5.9)
The scalar suppression shown in Eq.(5.9) is much
stronger than the one corresponding to the tensor sector
[cf. (5.5)]. Therefore, the tensor-to-scalar ratio A2T /A
2
S
will be enhanced at very high energies. The general form
of the tensor-to-scalar ratio can be written as
A2T
A2S
= ǫ4DRα,γ(x), (5.10)
where ǫ4D is the standard 4D slow-roll parameter ǫ4D ≡
1/2κ24× (Vφ/V )2, which corresponds to the standard GR
result for the ratio between the amplitude of the tensor
and the scalar modes, and the correction to the standard
4D tensor-to-scalar ratio Rα,γ is given by
Rα,γ(x) =
3 x2
2(1− γ)
(
1 + β
3− β
)(
λ
V
)
F 2α,γ(x)
G2α,γ(x)
. (5.11)
The ratio V/λ can be further expressed as a function of
x as well as the GB and the IG parameters β and γ by
using Eqs.(2.13), (4.10), and (4.11), and the explicit form
of G2α,γ(x) was obtained in Ref. [19]. The qualitative be-
havior of Rα,γ is shown in Fig. 2. The GB effect, as can
be seen from Fig. 2, will significantly affect the correc-
tion Rα,γ in the relatively high-energy regime, which is
already the case in the absence of any IG effect [17]. The
IG effect, on the other hand, has a tendency to counter-
balance the abrupt enhancement of Rα,γ caused by the
GB effect at high energies. Furthermore, the larger is
the IG strength (larger γ), the stronger will be the coun-
terbalanced effect. However, the IG effect cannot avoid
the unbounded enhancement caused by the GB effect at
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very high energies, at least within the “slim” brane ap-
proximation we have used. Consequently, observational
constraints on the production of the gravitons in the early
universe will strongly limit the energy scale where infla-
tion takes place.
For a standard single-field slow-roll inflation, the
tensor-to-scalar ratio in the slow-roll approximation can
be expressed in terms of the consistency relation,
A2T
A2S
= −1
2
nT , (5.12)
where the tensor spectral index nT is defined by nT ≡
d lnA2T /d lnk. This consistency relation relates observ-
able quantities in the inflationary paradigm, and there-
fore it provides an observational test for the standard
single-field inflation. In addition, the consistency rela-
tion (5.12) holds as well for other modified gravity the-
ories [45–49], and it is important to examine whether or
not the GB and IG effects would break the consistency
relation (5.12).
We will now proceed to investigate the consistency re-
lation in this system. In the extreme slow-roll approxi-
mation, the tensor spectral index nT can be written as
nT ≡ d lnA
2
T
d ln k
∣∣∣∣
k=aH
≃ −d ln (HFα,γ)
−2
d lnH
· d lnH
d ln a
, (5.13)
where we have substituted the relation (5.3) into the def-
inition of nT . To conveniently compare the tensor-to-
scalar ratio with the expression (5.13), we replace Vφ in
Eq.(5.1) using the field equation of the inflaton field in
the slow-roll limit: 3Hφ˙ ≃ −Vφ, which can be rewritten
as
V 2φ = −3H3
dV
dH
d lnH
d ln a
. (5.14)
Substituting this relation in the amplitude of scalar per-
turbations (5.1), we have
A2S = −
3
25π2
H3
dH
dV
(
d lnH
d ln a
)−1
. (5.15)
Then, by putting together Eqs.(5.3), (5.13), and (5.15),
we obtain a simplified form for the tensor-to-scalar ratio,
A2T
A2S
= −Q
2
nT , (5.16)
where the parameter Q is given by
Q = − κ
2
4
3H
dV
dH
F 2α,γ
[
d ln (HFα,γ)
−2
d lnH
]−1
. (5.17)
From Eqs.(5.16) and (5.17), we can see that only when
Q = 1 does the consistency relation hold in this system.
The parameter Q is therefore a crucial factor to be ana-
lyzed.
The expression for Q in Eq.(5.17) can be further sim-
plified as follows. Indeed, an important property for the
correction F 2α,γ in Eq.(5.5) is that it satisfies a first-order
differential equation,
d
d ln x
[
ln (xFα,γ)
−2
]
= −2F 2α,γ
[
γ + (1− γ)
× 1 + β(1 + x
2)
(1 + β)
√
1 + x2
]
, (5.18)
which is consistent with the results in the generalized RS2
model with just a GB correction (γ → 0) [17] and an IG
effect alone (α → 0) [18]. Furthermore, using the mod-
ified Friedmann equation (2.13) (for the normal branch
ǫ = −1) as well as the conditions (4.10) and (4.11), we
obtain the following relation:(
H
dH
dV
)−1
=
6
κ24
[
γ + (1 − γ) 1 + β(1 + 2x
2)
(1 + β)
√
1 + x2
]
.
(5.19)
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The relations (5.18) and (5.19) can then be employed
to simplify the parameter Q in Eq.(5.17). As a result,
the parameter Q becomes a simpler function of the di-
mensionless energy scale x as well as the GB and the IG
parameters β and γ,
Q =
(1− γ) + β(1− γ)(1 + 2x2) + γ(1 + β)√1 + x2
(1− γ) + β(1 − γ)(1 + x2) + γ(1 + β)√1 + x2 .
(5.20)
The previous function reduces to the results of the RS2
model with just a GB effect (γ → 0) [17] and an IG effect
alone (α → 0) [18]. In principle, the parameter Q (5.20)
depends on the energy scale of inflation, implying that
the GB correction does break the consistency relation.
Nevertheless, the relation is not altered abruptly by GB
effect: in the relatively low-energy regime (as x→ 0), the
parameter Q → 1 recovering the standard consistency
relation (5.12), while the parameter Q → 2 at relatively
high energies (x≫ 1). It can be shown that Q is bounded
for any value of x (1 ≤ Q < 2), the behavior of which is
shown in Fig. 3. As we can see in Fig. 3, the IG strength
tends to lower the value of the parameter Q [see also
Eq.(5.20)], but the GB effect still leads to a deviation
from the standard consistency relation (5.12) at very high
energies, even for a tiny GB correction (cf. pure GB brane
wrold [17]).
C. Observational constraints
We now discuss the implications of the observational
constraints from the Planck mission, which gives a con-
straint on the power spectrum of the scalar perturba-
tions PS [50] (notice that the amplitudes A
2
S and A
2
T
are normalized as A2S ≡ 4/25PS and A2T ≡ 1/100PT ,
respectively): PS = 2.215 × 10−9 at the pivot scale
k∗ = 0.05Mpc
−1, and an upper bound on the tensor-
to-scalar ratio r [50, 51]: r ≡ PT /PS ≤ 0.11 at the pivot
scale k∗ = 0.002Mpc
−1. We expect that for these large
pivot scales the extreme slow-roll approximation is in-
deed valid, because these are the modes that exit the
horizon well inside the inflationary era.
The spectral index nS for the scalar perturbations,
within the extreme slow-roll limit, can be written in
terms of the first two slow-roll parameters,
nS ≡ d lnA
2
S
a lnk
∣∣∣∣
k=aH
≃ 1− 6ǫb + 2ηb, (5.21)
where the slow-roll parameters ǫb and ηb are defined as
ǫb ≡− H˙
H2
=
1
2κ24
(
Vφ
V
)2
C (1)α,γ(x), (5.22)
ηb ≡ Vφφ
3H2
=
1
κ24
(
Vφφ
V
)
C (2)α,γ(x), (5.23)
where C
(1)
α,γ and C
(2)
α,γ are the corrections to the standard
4D expressions, the exact forms of which have been ob-
tained for the brane-world model in Ref. [19]; moreover,
both parameters, during the extreme slow-roll inflation,
are expected to be tiny.
To check the consistency between the observations and
the predictions of this model, we rewrite the amplitudes
A2S (5.2) and A
2
T (5.3) in the convenient forms
A2S =
(κ4µ)
2
75π2ǫb
(1− γ)
(
3− β
1 + β
)(
V
λ
)
C (1)α,γ G
2
α,γ , (5.24)
A2T =
(κ4µ)
2
50π2
x2F 2α,γ . (5.25)
Given that the value of the power spectrum PS is con-
strained by Planck data, the slow-roll parameter ǫb and
the ratio r ≡ PT /PS [cf. Eqs.(5.24) and (5.25)] can be
evaluated as a function of the dimensionless energy scale
x ≡ H/µ for a given set of the parameters κ4µ, β, and γ.
It is important to check the regime of validity of the slow-
roll approximation for the set of parameters mentioned
above, as our analysis is based on the correctness of the
extreme slow-roll approximation. We have checked our
previous work [19] and found that indeed the slow-roll
approximation is valid up to quite a large value of x for a
physically reasonable set of the dimensionless parameters
κ4µ, β, and γ given the measured amplitude of the scalar
perturbations by WMAP7. This conclusion is unaltered
once we update our analysis to Planck data for PS as
Figs. 4 and 5 show. In these figures, we fix AdS5 energy
scale κ4µ = 10
−10 as an example. Within the validity of
the extreme slow-roll regime, we can predict the value of
the tensor-to-scalar ratio r. Our results can be seen in
Figs. 4 and 5, which show that the amplitude of the ten-
sor perturbations are much smaller than those expected
from the scalar perturbations. Therefore, the predicted
values of r fulfill by far the bound on this magnitude as
imposed by Planck data, except at very large x or equiv-
alently when the energy scale of the brane is much larger
than the one of the bulk, and where the extreme slow-
roll approximation starts to cease to be valid. It can be
shown as well that the energy scale of the potential V ,
the slow-roll parameter ǫb, and the tensor-to-scalar ratio
r are more sensitive to the GB effect than the IG effect
(see Figs. 4 and 5).
VI. CONCLUSIONS
High energy phenomena, like those corresponding to
the inflationary era, are the ideal arena to look for the
fingerprints of string/M theory. A phenomenological ap-
proach to tackle this issue is rooted on the idea of the
brane-world where our Universe is described by a brane
embedded in an extradimensional space-time, i.e., a bulk.
Indeed, brane-world cosmology provides an excellent way
to explore the nature of extra dimensions without going
into the whole complexity of string/M theory.
In this paper, we have investigated the RS2 kind of the
brane-world model; i.e., the bulk corresponds to an AdS5
and the 4D effective cosmological constant is fine-tuned
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FIG. 4. The energy scale of the inflaton potential (a), the slow-roll parameter ǫb (b), and the tensor-to-scalar ratio r ≡ PT /PS
(c) versus the dimensionless energy scale x ≡ H/µ. Here we have imposed the constraint on the power spectrum of the scalar
perturbations from Planck data: PS = 2.215×10
−9 . Then, we fix the AdS5 energy scale µ as κ4µ = 10
−10 (just as an example)
and the IG strength, γ = 0.2, and change the GB parameter β as shown on the plots. The horizontal dashed red line in (c)
indicates the upper bound for the tensor-to-scalar ratio r predicted by Planck.
0.01 1 100 104 106
1013
1014
1015
1016
1017
x
V
1 4
HG
eV
L
Γ=0
Γ=0.2
Γ=0.4
Γ=0.6
(a)
0.01 1 100 104 106
10-17
10-14
10-11
10-8
10-5
x
Εb
Γ=0
Γ=0.2
Γ=0.4
Γ=0.6
(b)
0.01 1 100 104 106
10-16
10-13
10-10
10-7
10-4
x
r
Γ=0
Γ=0.2
Γ=0.4
Γ=0.6
(c)
FIG. 5. The energy scale of the inflaton potential (a), the slow-roll parameter ǫb (b), and the tensor-to-scalar ratio r ≡ PT /PS
(c) versus the dimensionless energy scale x ≡ H/µ. Here we have imposed the constraint on the power spectrum of the scalar
perturbations from Planck data: PS = 2.215 × 10
−9. Then, we fix the AdS5 energy scale µ as κ4µ = 10
−10 (as an example)
and the GB coupling, β = 10−3, and change the IG strength γ as shown on the plots.
to be zero, with two curvature corrections: a GB contri-
bution to the bulk action and an IG effect to the brane
action. Both effects are expected to be enhanced at high
energies as is the case during the inflationary era. Within
this setup, we have analyzed the primordial gravitational
waves, the 3D tensor perturbations, produced during an
inflationary era which is driven by an inflaton confined
on the brane. Inflation is modeled within the extreme
slow-roll approximation; i.e., the brane is described by
a de Sitter universe. Although the perturbed bulk field
equation of the 3D tensor modes is not modified in the
linear order by taking into account the GB and IG effects,
these curvature terms modify the boundary conditions at
the brane, which is important at relatively high energies
where inflation takes place as it affects the amplitude of
the tensor perturbations as we have shown.
The mass spectrum of KKmodes on the normal branch
is composed of a massless zero mode and a continuum
of massive KK modes with m2 > 9/4H2, which is the
same spectrum as that in the RS2 model [16]. Since the
massive modes are too heavy to be excited during infla-
tion, we can then safely neglect their contributions and
focus only on the zero-mode graviton. As a result, the
combined effect from both GB and IG curvature mod-
ifications, in the relatively high-energy inflationary era,
gives rise to a suppression effect on the amplitude of the
primordial gravitational waves as compared with the one
in the original RS2 model (cf. the pure RS2 model [16],
the modified RS2 model with only a GB effect [17] and
an IG effect alone [18]). Furthermore, the tensorial am-
plitudes are strongly suppressed by the GB effect at very
high energies. These qualitative behaviors are similar to
those of the amplitude of the scalar perturbations for the
same system [19]. Additionally, relative to the standard
4D results, the GB effect in particular abruptly increases
the tensor-to-scalar ratio and breaks the standard consis-
tency relation in the relatively high-energy regime, which
is already the case in the absence of any IG effect [17].
These changes cannot be entirely ameliorated by invok-
ing the IG effect; nevertheless, the IG effect will mildly
counterbalance these significant changes caused by the
GB effect at high energies.
Finally, we have constrained the model by considering
the amplitude of the scalar perturbations PS and the
12
tensor-to-scalar ratio r, recently obtained by the Planck
mission [50, 51]. More precisely, we have used the power
spectrum to pick up the region of validity of the slow-roll
approximation, a cornerstone of our approach. Then,
for that region we have obtained the predicted tensor-to-
scalar ratio r as Figs. 4 and 5 show for some values of
the parameter space. The model is in agreement with
Planck data for a very wide range of the energy scale
of inflation. However, since r is an increasing function
of the energy scale (x ≡ H/µ), this model ceases to be
consistent with the observations at very high energies,
resulting in an upper bound of the allowed energy scale
of inflation on this kind of model for a given region of the
parameter space. The region where the extreme slow-
roll approximation ceases to be valid, and therefore our
analysis, is precisely the region where the predicted r is
too large as compared with Planck data.
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Appendix A: THE 4D EFFECTIVE ACTION
The 4D effective action for the 3D tensor modes can be
determined by introducing an auxiliary first-order mat-
ter content on the brane [52]. With this matter content
restricted to the brane, the full perturbed field equation
up to first order reads[
∂2t + 3H∂t − e−2Ht∇2 −
(
n2∂2y + 4nn
′∂y
)]
hij
= − 2
1− β
[ (
γrc − ǫ βµ−1
√
1 + x2
)
×
(
∂2t + 3H∂t − e−2Ht∇2
)
hij − κ25e−2HtTij
]
δ (y) ,
(A1)
where Tij is the energy momentum tensor for the matter
content on the brane, which is assumed to be a transverse
and traceless source.
After the KK decomposition (3.5), it can be shown,
from Eq.(3.7), that the eigenmodes Em are mutually or-
thogonal with respect to the scalar product defined by∫ uǫ
−uǫ
dyn2EmEm˜+
2
1− β
[
γrc − ǫ βµ−1
√
1 + x2
]
Em(0)Em˜(0)
≡ χm (Em, Em˜) = χm δ (m, m˜) , (A2)
where the delta function δ (m, m˜) is a Kronecker delta
for the discrete modes and a Dirac delta function for
the continuous spectrum; χm is an arbitrary constant,
indicating that there exists a degree of freedom for the
normalization of each mode. Then, integrating out the
extra dimension by performing (
∫ uǫ
−uǫ
dyn2Em×) on both
side of Eq.(A1) with the decomposition (3.5) and the
above scalar product (A2), we obtain the perturbed 4D
effective field equation on the brane,
χm(∂
2
t + 3H∂t − e−2Ht∇2 +m2)h¯(m)ij
− 2κ
2
5
1− β e
−2Ht E2m(0)Tij = 0, (A3)
where h¯
(m)
ij = h
(m)
ij Em(0), the physical 4D KK gravitons
on the brane.
From the 4D effective field equation (A3), the second-
order effective action for the KK gravitons h¯
(m)
ij can be
written as
S
(2)
h =
∫
dmAm
∫
dx4e3Ht
[
˙¯h(m)ij ˙¯h
(m)
ij
−e−2Ht∂kh¯(m)ij ∂kh¯(m)ij −m2h¯(m)ij h¯(m)ij
]
, (A4)
where Am is an undetermined coefficient for each mode.
On the other hand, the second-order effective action for
the matter source, Tij , can be obtained from the last
term of the action (2.1),
S(2)m =
1
2
∫
dm
∫
d4x eHt Tij h¯
(m)ij . (A5)
Comparing the effective field equation deduced from the
action S
(2)
h + S
(2)
m with the one given in Eq.(A3), we are
able to fix the coefficient Am in terms of the normaliza-
tion constant χm, which reads
Am = (1 − β)
8κ25
E−2m (0)χm. (A6)
As a result, since the overall coefficient Am will compen-
sate for the degrees of freedom of χm, the specific choice
of χm will not affect the amplitude of the tensor pertur-
bations and therefore those of the gravitational waves.
In this paper, we choose χm = 1/(1− β) in the normal-
ization condition (A2) [see also Eq.(3.9)]. Consequently,
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using Eq.(A6), the overall coefficient Am of the effective action (A4) reads
Am = E
−2
m (0)
8κ25
. (A7)
The parameter χm has been chosen such that we obtain
the same overall normalized factor in the scalar product
used in Ref. [17].
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